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1. Introduction
In the paper [1] the author investigated some properties on the exponential
convergence of all real non-decreasing sequences. Being inspired by this paper
we consider a positive non-decreasing sequence {an}n with lim
n→∞
an = +∞ and
we denote A = {an}n. Let S be the collection of all the infinite subsequences

















where x = {x
k
}, y = {y
k
} ∈ S. The convergence in this space is considered
as point-wise convergence. It is well known from the monograph [2] that for
any monotonic increasing divergent sequence A = {an}n, an > 0 there exists








−σ < +∞, for each σ > λ,
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where σ > 0 is a real number.
Here the number λ = λ(A) is called the exponent of convergence of the
sequence A. It is formulated by
inf
{













We now consider a function λ : S → [0, λ(A)] defined as
λ(x) = λ(A(x)) = inf
{






where x = {ank}∞k=1 ∈ S. It is clear that λ(x) = λ(A(x)) ≤ λ(A) for every
x ∈ S.
2. Some set theoretic properties of the function λ.
Theorem 2.1. The function λ : S → [0, λ(A)] is onto but not one to one.
Proof. Case 1: Let t = 0. We can choose x = {akn} in S such that
akn > n
n for each natural number n. Then λ(x) = t.
Case 2: For t = λ(A) clearly we choose x = {an} so that λ(x) = t.











= λ(A) > t, (1)
for any natural number l.










Then there exists a least positive integer P2 > 2 such that log P2log (aP1+P2 ) ≥ t.
So for each n with 2 ≤ n < P2 we have log nlog (aP1+n) < t. Again choose P3 >
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Then there exists a least positive integer P4 > P3 such that log P4log (aP3+P4 ) ≥
t. Then for P2 < n < P4 we have log nlog (aP3+n) < t. Proceeding this way we
construct a sequence {Pn} of natural numbers such that
log P2i
log (aP2i−1+P2i)





for P2i−2 < n < P2i, i = 2, 3, 4, . . . and P2i+1 > max{P1, P2, . . . , P2i}. Now
for i ≥ 2,
0 ≤ log P2i
log (aP2i−1+P2i)

















sup log (P2i − 1)
log (aP2i−1+P2i−1)
= t.
So if we choose x = {akn} where,
k1 = P1, k2 = P1 + 2, k3 = P1 + 3, . . . , kP2−1 = P1 + P2 − 1,
kP2 = P1 + P2, kP2+1 = P2 + P3 + 1, . . . , kP4−1 = P3 + P4 − 1,
· · ·






= t, i.e., λ(x) = t.
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We now show that λ is not one to one.
Let a ∈ [0, λ(A)]. Then there exists x = {ank}∞k=1 ∈ S such that λ(x) = a,
i.e.,




Let yk = ank+1 , for k = 1, 2, 3, . . . , then y = {yk}∞k=1 ∈ S. Clearly
inf
{






= a, i.e., λ(y) = a.
So λ(x) = λ(y) when x ̸= y. Therefore λ is not one to one.
We are interested about the measurability of the function λ. For this
purpose here we shall study some properties in terms of Borel classification
and Baire category of the level sets of λ defined as follows:
Kt = {x ∈ S : λ(x) ≤ t}; Kt = {x ∈ S : λ(x) > t},
for t ∈ R = (−∞, ∞).
Theorem 2.2. The set Kt = {x ∈ S : λ(x) ≤ t}
(i) belongs to the second multiplicative Borel class for each t ∈ (−∞, ∞).
(ii) is dense in S for 0 ≤ t ≤ λ(A).
(iii) is of first category for t < λ(A).
Proof. (i) If t < 0, then Kt = ϕ and Kt belongs to the second multiplica-
tive Borel class. Let t ≥ 0. Then
Kt =
{
























S(m, i, p, r),
where
S(m, i, p, r) =
{
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for each k = i, i + 1, i + 2, . . . , i + p whence x ∈ S(m, i, p, r). Consequently
each set S(m, i, p, r) is closed. This proves that Kt is an Fσδ set. Hence the
set Kt belongs to the second multiplicative Borel class.






























Let y = {apk} ∈ S and let ε > 0. Consider the open ball S(y, ε) with centre
at y and ε as the radius. Let l be the smallest positive integer such that∑∞
i=l+1 1/2i < ε. For t ≥ 0 let s1 be the least positive integer such that
2
s1
t+1 > apl . Now choose the least positive integer q1 such that aq1 > 2
s1
t+1 ,
aq1 ∈ A. Again let s2 be the least positive integer such that 2
s2
t+1 > aq1 and
further we can choose the least positive integer q2 with aq2 > 2
s2
t+1 , aq2 ∈ A




t+1 , k = 1, 2, 3, . . .
Consider the sequence z = {zk}∞k=1 as follows:
zi = api , i = 1, 2, . . . , l ; zl+k = aqk , k = 1, 2, 3, . . .
54 d.k. ganguly, b. biswas














































< ∞, since 0 < α ≤ 1.
Clearly z ∈ F (m) and then z ∈ F (m) ∩ S(y, ε). Therefore, F (m) is dense in
S and consequently Kt is dense in S.
(iii) If t < λ(A) we show that the set Kt is of first category.
Case 1: If t < 0, then Kt = ϕ and so Kt is of first category.
Case 2: Let 0 ≤ t < λ(A). Since t < λ(A), then there exists a natural






F (m, r) =
{












In order to show that F (m, r) is of first category in S, it is sufficient to show
that F (m, r) is an Fσ set and its complement is dense in S. Let y = {apk} ∈ S
and let ε > 0. Consider the open ball S(y, ε) with centre at y and ε as the the
radius. Let l be the smallest positive integer such that
∑∞
i=l+1 1/2i < ε. Now
we choose the smallest positive integer s so that as > apl . Define a sequence
u = {uk} in S as follows:
ui = api , i = 1, 2, . . . , l ; ul+k = as+k, k = 1, 2, 3, . . .



















is divergent for (t + 1m) < λ(A). Thus the complement of F (m, r) is dense in
S. Also each set S(m, i, p, r) is closed and hence





S(m, i, p, r)







is of first category in S.
Corollary 2.3. For each t ∈ R the set Kt = {x ∈ S : λ(x) > t} belongs
to the second additive Borel class.
Proof. It follows from the fact that Kt = S − Kt is a Gδσ set for each
t ∈ R.
Corollary 2.4. The function λ is Lebesgue measurable on S
Proof. Here S is a subset of [a1, ∞)N. Using Fubini’s theorem we have
from theorem 2.2 that λ is Lebesgue measurable.
Theorem 2.5. The function λ is discontinuous everywhere in S.
Proof. Let b ∈ S and b = {ap1 , ap2 , ap3 , . . .}. We can choose a sequence
c = {aq
k
}∞k=1 ∈ S such that λ(b) ̸= λ(c). Let δ > 0. It is sufficient to show
that there exists a point z in the open ball S(b, δ) such that λ(z) = λ(c). For
δ > 0 let l be the smallest positive integer such that
∑∞
i=l+1 1/2i < δ. Now





for k = 1, 2, 3, . . . , l
aq
k
for k > l.
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Then clearly z ∈ S(b, δ) and
λ(z) = inf
{


































; (since the sum in the first bracket is finite)
= λ(c).
Hence λ is discontinuous everywhere in S.
Corollary 2.6. The function λ is not a Darboux function.
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